2.2.6 Arc Length of a Curve

» [Rule 1] If f: [a.b] — R has continuous derivative on [a,b] = Length of the curve is

b
/ V14 [f'(z))2dx.
b dy 2
» [Rule 2| The length of the curve y = f(z) withinz =atoz =bis f 1+ [E} dr.
d dri2
> : The length of the curve = = g(y) within y = cto y = d is f 1+ [d_y} dy.

» |Rule 4} The length of the parametric curve = = fi(t), y = fa(t) within £ = #; to

E—tyis /j [i—ﬂﬂ [i—i’rdr

fa dr12
Rule 5} The length of t 1 = f(#) within# = 6, to @ = 621 {2+ |—]| df.
h- e length of the polar curve r = f(#) within 1 to 215./9. T —I—[dﬂ}

[Do It Yourself] 2.30. The length of the curve y = %14”3 - %1‘-2"{3 +7 fromz =1 to
r =8 equals (A) 99/8. (B) 117/8. (C) 99/4. (D) 117/4.
[Hint : Easy integration]

Example 2.2. Find the perimeter of the astroid ¥ + -yg = af.

= The parametric form: © = asin®t, y = acos>t.
Now in first quadrant = = 0,a =t = 0,7/2.

=]

I . . . w2 dr 2 d 2 . T2 . _ 3
ength of perimeter in first quadrant is fo | H|F| dt=3a fo sintcostdl = =.

So the total length is 4.3—2‘1 = ba.

o]

Example 2.3. Find the length of the loop of the curve T = t2, y =1 — %

t = Y | t Y | t T Y
0 0 0 2 4 2/3 -3 3 0

= We first try to draw the curve. 11 23 |2 4 —23|v3 2 Va3
-1 1 —-2/3]/3 3 0 -2 2 —2/3

We can easily draw the graph and see that loop is on x — aris from r =0 tor = 3 i.e.
t =0 tot=+/3. Itis both side of ¢ — axis.

2 2
Length of loop =2 [°\[ | % | +[%] at =2 [/ VAT~ Pt = 43,




Example 2.4. Show that the length of one arch of the cycloid r = a(t — sint), y =
a(l — cost) is 8a.
= Draw the curve. Nowy=0=cost=1=t=0,27 4m,---

So the required length is Jrc‘,% 1/ [%ﬂ 2—!— {%rcﬁt = fnzw \/[&{1 — :.:os t}] 2—|—

Example 2.5. Find the length of the perimeter of the cardioide v = a(1 —cos @) and show
that the arc of the upper half of the curve is bisected by 6 = 2w /3.
= Draw the curve. Now for upper ha.ﬂf =0t 6=m.

So the total length is Q_foﬁ /34 {%} =2 fo \/[ 1 —cos t)} 2—!— [a 5i11t] zdt = 8a.

2
a sin t] dt = Ba.

/ 2
U Length of upper half is 4a. Therefore, we have to show: 02 /2L [%} df = 2a.

Now _fuzﬂa /34 {d" df) = %’B \/[a{l cosf [a sin trdt = 2a.

[Do It Yourself] 2.31. A tangent is drawn on the curve y = %\a‘ z3, (z > 0) at the point
P{l,%} which meets the r— axis at (). Then find the length of the closed curve OQFPO,
where O is the origin. [Hint : Curve + two lines, Fasy|

[Do It Yourself] 2.32. Consider a differentiable function f on [0, 1] with the derivative
f'(z) = 2v/2z. Find the arc length of the curve y = f(x), 0 <z < 1. [Hint: Easy]

[Do It Yourself] 2.33. Find the length of the curve y = V4 —x2 from © = —V/2 to
r= 2. [Hint : Fasy|

[Do It Yourself] 2.35. Let f : [0,00) — [0,00) be twice differentiable and increasing
function with f(0) = 0. Suppose that, for any t < 0, the length of the arc of the curve
y = f(zx), = <0 between = =0 and x =t is 3[(1 + t]% — 1]. Then f(4) = is equal to
(A)11/3. (B) 13/3. (C) 14/3. (D) 16/3.

[Hint : Use j; v/ l—|—[5¥] 2d.:i: = %[(1 —I—t}% —1], and find f(t)]

[Do It Yourself] 2.36. Show that the length of the hypercycloid (2)%/3 + (£)%/% = 1 is
A(a?+ab+b2
(e tabih?)

[Do It Yourself] 2.37. Show that the length of r = a::053( ) is 322,

[Do It Yourself] 2.38. Show that the length of the loop of Tt =2, y =1 — % is 4+/3.

[Do It Yourself] 2.39. Show that the length of the loop of 9ay® = (x — 2a)(z — 5a)? is
4v3a.



2.2.7 Volumes of Solids of Revolution

> |Rotati011 around = — aris |: The volume V' generated by revolving the curve y = f(z)

about the r — aris and bounded by r =ator=bis|V =« f: y2dzr|.

» | Rotation around y — azis| The volume V' generated by revolving the curve = = g(y)

about the y — aris and bounded by y=ctoy=dis|V ==« fcd x2d

Example 2.6. Find the volume of the solid obtained by the revolution of the Cissoid
y2(2a — =) = 3 about its asymptote.

= The Cissoid y*(2a — =) = = has asymptote x = 2a (In graph we take a = 2).

Now the volume of the solid generated by y*(2a — =) = =* around = = 2a has two parts.
One is upper side (first quadrant) and another one is lower side (fourth quadrant).

|
i J Let, P(z,y) be any point on the curve.
4 ! X2 So, Q(2a,y) is the point on x = 2a.
P (x¥) L Qfza, v) It implies PQ) = 2a — x.
: Suppose x = 2a cuts © — axis at R.
B -4 iR \2 [ L So RQ = 20: — = d(RQ:} —3:;}_3%3-%":!:1'.
i e So the upper volume is ?rf (PQ)?d(RQ).
i \ The required volume V =2 |, (PQ)Zd(RQ].

Therefore, V = 2w UZG{Q }zli_ai}d = Q?rf v x(2a — r)(3a — r)dx.
Let r = 2asin’ @ = dr = 2asin 29{!9 Therefore
= 27 fﬂz vr(2a —z)(3a — z)dz = 4a®n fﬂ % sin? 20(2 + cos20) = 4a’w(w/2) = 2a°7?

[Do It Yourself] 2.42. Find the volume of the solid generated by revolving the region
bounded by the parabola x = 2y? + 4 and the line * = 6 about the line = = 6.

(A) T8z /15. (B) 91w /15. (C) 64xn/15. (D) 117x/15.

[Hint : Draw curve. Here V = 2x ff(ﬁ - x}zmdz]

[Do It Yourself] 2.44. Find the volume of the solid formed by revolving the curve y = x
between x = 0 and © = 1 about the x — axis. [Hint : Easy]

[Do It Yourself] 2.45. The volume of the solid of revolution generated by revolving the
area bounded by the curve y = /T and the straight lines © = 4 and y = 0 about the
T —arTis, is

(A) 2. (B) 4x. (C) 8x. (D) 127.



Example 2.7. A region bounded by y* = r and x* = y rotates about = — axis. Find the
volume of the solid of revolution.

= We can easily draw the curves and see that the required volume V =V, — V5.

Here Vy : Volume of the solid by the revolution of y* =z, = =0, = = 1.

Vo : Volume of the solid by the revolution of ° =y, =0, = = 1.

Therefore, V = ?rfol zdr — fﬂl ridr = ::r(% _ %} — %_

[DD It Yourself] 2.47. Find the volume of the solid obtained by rotating the astroid

3+ y3 = a¥ about T — ais.

Hint : Draw the curve and check V =m yzda: =7 az — 73)3dx = 32na”
105

Example 2.9. Show that the volume of the solid obtained by the cardioid 1 = a(1 + cos )
about about the initial line is %2

= We will transform polar (r,0) to cartesian (x,y) system. [In plot a = 2]

. Now the pole is O (r = 0.6 = 0).
i OX is the initial line.
i Rotation: 0 <r < 2a,0< 6 <.

. i F Now z — rcos f, vy — rsiné.
n of Curve: © = a(l + cosf) cos#,
T oo Pl y = a(l + cos @) sinf.
\ o ¥, dr = —asin#(1 4+ 2cosf)df.

The required volume V =7 [ y2dx.

e o Now we have to find the range of x.
i s 0 At =0,z =2a and 0 =7, = = 0.

The required volume V = fnza 2dr = —m f: a’(1 + cos0)%asin® 0(1 + 2 cos 0)df =
wa’ fu (1 +cosf)?sin® (1 + 2cosf)df = Bma . [take z = cos b]
[Do It Yourself] 2.49. Show that the Uolﬂme of a sphere with radius a is $wa®.

[Do It Yourself] 2.50. Find the volume generated by the following curve rotating around

T — aris:

i) y = cosz between = =0, w/2. ii) \/T + /¥ = \/a between = =0, y = 0. iii) The area

between 9y = 4(9 — x2) and 4z + 3y = 12. iv) Loop of the curve = =%, y =t — %
2 Bwad 48w 3w

[Ans: . S5 55 T

[Do It Yourself] 2.51. Show that the volume of the solid obtained by the cardioid r =

Sad
3

a(l — cos @) about about the initial line is



2.2.8 Surface of Revolution

> ‘ Rotation around r — axis |: The surface area S generated by revolving the curve y =

b
diy s 2
f(z) about the r — aris and bounded by r —a tox = b is|S = Qﬂ'f y\/ 1+ (d_y) dz |
o T

» | Rotation around y — axis | The volume S generated by revolving the curve = = g(y)

d
dr 2
about the y — axis and bounded by y = ctoy=d is |5 = 25?[ oy l—I—(é) dy |

» Finding surface of revolution is similar to finding the Volumes of Solids of Rev-

olution.

[Do It Yourself] 2.55. Find the area of the solid obtained by rotating the astroid o3+
2 2

y3 = a? about r — axis.

2 -
[Hint : S =2m [% y4/ l—l—(%) dr = Qﬁ‘,rfi%_zacos:itqfl + %L;—;Basinztcostdt = 8“5“2]

[Do It Yourself] 2.56. Show that the surface area of the solid obtained by rotating the
cycloid r = a(t —sint), y = a(l — cost) about = — axis is %.




